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ABSTRACT 
We generalize and prove Hofmeister’s modification of a conjecture of Runge 
characterizing almost regular graphs, and discuss related matters. 
1. INTRODUCTION 
Following Hofmeister [2], who modified a conjecture of Runge ([3, 111, 
we call a symmetric matrix A of order n all of whose entries are nonnegative, 
and all of whose row sums d I,. . . , d, are positive, almost regular if there is a 
positive number r such that, if aij > 0, didj = r2. The H-R conjecture states 
that, if A is the adjacency matrix of a graph G = (V, E), then its largest 
eigenvalue h,(A) ( i.e., the spectral radius p(A), also known as the Perron 
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root) satisfies 
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if and only if A is almost regular. We will prove the following. 
THEOREM. Let A be a nonnegative symmetric matrix with positive row 
sums d,, . . . , d,, and set m = Cy= I di. Then 
Cij jaij&i& m 
P(A) & m a 
J 
ci,j 2 ’ 
(2) 
’ J 
and A is almost regular if and only if any two of these functions of A in (2) 
are equal, in which case all three are equal. 
REMARK. In (l), multiply both numerator and denominator by 2. If 
A = A(G) is the adjacency matrix for some graph G, then equality of the first 
and third terms of (2) is the hypothesis of the H-R conjecture, and the 
conclusion follows from the last part of the theorem. 
2. PROOF OF THE THEOREM 
We first note that, for any symmetric matrix A and any nonzero real 
vector x, 
X’AX 
A,( A) > - 
xtx ’ (3) 
with equality if and only if AX = A,( A)x. Setting xj = fi (j = 1, . . . , n>, 
we obtain the first inequality of (2). T o obtain the second inequality of (21, 
observe that, for positive K, cl/~‘) is a strictly convex function. Hence, if 
“1, ’ *. > at are positive numbers summing to 1, and zi, . . . , zt are positive 
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with equality if and only if all zk are equal. To apply this, let 
cq = 
aij 
m 
and zk = ,/Z& 
Now the second inequality of (2) follows by a 
(for aij > 0). 
simple substitution. 
To prove the last part of the theorem, first note that by the stipulation of 
the equality case in (41, A is almost regular if and only if the last two terms in 
(2) are equal. So all we need to prove is that the first two terms are equal if 
and only if A is almost regular. 
If A is almost regular, then for some r greater than 0, didj = r2 for 
every (i, j) such that ajj > 0. For any i = 1, . . . , n, let d be the common 
column sum for all columns j such that aij > 0. Then 
2 aij,& = diti = r,&, 
j=l 
so that r is an eigenvalue of A with <&, . . . , &,) as a corresponding 
eigenvector. But for any positive eigenvector of a nonnegative matrix, the 
corresponding eigenvalue is the spectral radius of that matrix. Hence, the 
corresponding Rayleigh quotient from (3) is r = p(A). 
Conversely, if the first two terms are equal, then by the stipulation of the 
equality case in (3), we have p = p(A) satisfying 
for all i. 
Assume that A is irreducible (the same argument will apply to all 
irreducible components of A). If all the dj are equal, we are done. Otherwise 
set 6 = min{d,, . . . , d,} and A = max{d,, . . . , d,}. Choose u and u such that 
d,, = 8 and d, = A. Now assume that there exists w with auw > 0 and 
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d, < A. Then we have 
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On the other hand, 
which is a contradiction. 
Assuming existence of w with avw > 0 and d, > S leads to an analogous 
contradiction. We conclude that whenever aij > 0, then d, = 6 and dj = A 
or vice versa, and that p = dX, which proves the theorem. 
We thank Achim Bachem and Bill Pulleyblank for introductiorzs which 
m&e this collaboration possible. 
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